Abstract. We define holomorphic connection on a parabolic vector bundle over a Riemann surface and prove that a parabolic vector bundle admits a holomorphic connection if and only if each direct summand of it is of parabolic degree zero. This is a generalization to the parabolic context of a well-known result of Weil which says that a holomorphic vector bundle on a Riemann surface admits a holomorphic connection if and only if every direct summand of it is of degree zero.
Introduction
A theorem due to A. Weil says that a holomorphic vector bundle E over a compact connected Riemann surface admits a holomorphic connection if and only if each direct summand of E is of degree zero [8] . Note that giving a holomorphic connection on E is equivalent to giving a flat connection on E compatible with its holomorphic structure.
Let S be a finite subset of a compact connected Riemann surface X. Let E Ã be a parabolic vector bundle over X obtained by putting a parabolic structure on a vector bundle E over the divisor S. A holomorphic connection on E Ã is a logarithmic connection D : V ! K X n O X ðSÞ n V with the property that the residue of D over any s A S is semisimple and it is compatible with the parabolic data for E Ã over s (the details of the definition are in Section 3).
We prove that E Ã admits a holomorphic connection if and only if each of its direct summands is of parabolic degree zero (Theorem 3.1).
The proof of Theorem 3.1 is carried out using the correspondence between parabolic bundles and vector bundles equipped with an action of a finite group established in [3] . In fact, Theorem 3.1 follows from the corresponding result on such bundles which has been established in Theorem 2.3.
In Section 4 we generalize Theorem 3.1 to higher dimensional projective manifolds (see Proposition 4.2) , and obtain a criterion for the existence of a holomorphic connection on a parabolic vector bundle with parabolic structure on a normal crossing divisor.
Thanks are due to the referee for comments that helped in improving the paper.
Flat connections on vector bundles with group actions
Let Y be a compact connected Riemann surface. Let K Y denote the canonical bundle of Y.
A holomorphic connection on a holomorphic vector bundle V over Y is a first order di¤erential operator
satisfying the Leibniz identity which says that Dð fsÞ ¼ fDðsÞ þ qf n s, where f is any locally defined holomorphic function on Y and s is any local holomorphic sec-
Y n V is the Dolbeault operator defining the holomorphic structure of V, then D þ q V is a flat connection on V. Conversely, for any flat connection on V compatible with its holomorphic structure (that is, the ð0; 1Þ-part of the connection coincides with q V ), the ð1; 0Þ part of it is a holomorphic connection on V.
Fix a finite subgroup G H AutðY Þ of the automorphism group Y. A G-linearized vector bundle W over Y is a holomorphic vector bundle equipped with an action of G compatible with the obvious action of G on Y [5] . In other words, G acts on the total space of W and for any g A G the action of g is a vector bundle isomorphism of W with ðg À1 Þ Ã W . Given two G-linearized vector bundles W 1 and
A G-holomorphic connection on W is a holomorphic connection that is preserved by the action of G. In other words, for a G-holomorphic connection D and for any g A G, the isomorphism of W with ðg À1 Þ Ã W , defined by g, takes the connection D to the connection ðg À1 Þ Ã D.
Proposition 2.1. If the vector bundle W admits a holomorphic connection, then it admits a G-holomorphic connection.
where aG denotes the order of the group G. Proof. In view of Proposition 2.1 it su‰ces to show that W admits a holomorphic connection. We will recall the obstruction for the existence of a holomorphic connection.
For a holomorphic vector bundle V over Y, let Di¤ A holomorphic connection on V is a holomorphic splitting of the exact sequence (2.2) [1] , [4] . Note that the space of all extensions of TY by EndðV Þ is parametrized by 
is obviously valid. Let W be a G-linearized vector bundle over Y. The group G has a natural action on
represent the Atiyah exact sequence of W. From (2.6) it follows immediately that
In other words, b is fixed by the action of G.
The canonical nature of the isomorphism (2.3) ensures that it commutes with the actions of G on H 0 ðY ; EndðW ÞÞ Ã and
In other words, b is determined by its evaluations on H 0 ðY ; EndðW ÞÞ G . Take a section f A H 0 ðY ; EndðW ÞÞ which is invariant under the action of G. Since Y is compact and connected, the characteristic polynomial of fðyÞ A EndðW y Þ does not depend on y.
Consider the decomposition of W obtained from the generalized eigenspace decomposition for f. Since f is left invariant by the action of G, this is a decomposition of W into a direct sum of G-linearized vector bundles.
Assume that W is indecomposable. This implies that fðyÞ has only one eigenvalue, say l. So,
is a nilpotent endomorphism of W. If f 0 0 0, then there is a proper subbundle F of W, with F 0 0, which is preserved by f 0 . Now setting V ¼ W in (2.5) we conclude that bðf 0 Þ ¼ 0. Finally, if degreeðW Þ ¼ 0, then from (2.4) it follows that bðfÞ ¼ 0. This completes the proof of the lemma. r
It is easy to see that a holomorphic connection on W induces a holomorphic connection on each direct summand of it. If W 1 and W 2 both admit holomorphic connections, then obviously W 1 l W 2 also admits a holomorphic connection. Therefore, the following theorem follows from Lemma 2.2 and Proposition 2.1. Theorem 2.3. A G-linearized vector bundle W admits a G-holomorphic connection if and only if every direct summand of it is of degree zero.
In the next section we will use this theorem in the context of parabolic bundles.
Connection on a parabolic bundle
We first recall the definition of a parabolic vector bundle [7] . Let X be a compact connected Riemann surface, and S H X be a finite subset. A parabolic structure over S on a holomorphic vector bundle E over X consists of the following data:
(1) a strictly increasing filtration
for each s A S known as the quasi-parabolic filtration;
(2) a sequence of real numbers
where l s i corresponds to the subspace F s i . A parabolic vector bundle is a vector bundle equipped with a parabolic structure. As in [7] , we will assume the parabolic weights l s i to be rational numbers. If we denote by E Ã the above defined parabolic vector bundle, then the parabolic degree of E Ã is defined to be
Given a parabolic vector bundle E Ã as above, any subbundle of E has an induced parabolic structure. Also, if E 0 is another vector bundle with parabolic structure, then E l E 0 has an obvious parabolic structure constructed from the parabolic structures on E and E 0 . See [7] for the details.
We will now define holomorphic connection in the context of parabolic bundles.
Recall that a logarithmic connection on a vector bundle V over X with singularity over S is a first order di¤erential operator
satisfying the Leibniz identity [4] . The Poincaré adjunction formula says that the fiber of the line bundle O X ðSÞ over any s A S is identified with the tangent space T s X at s. In other words, the fiber ðK X n O X ðSÞÞ s is identified with C. Given a logarithmic connection D, consider the composition
It is easy to see that this homomorphism of sheaves defines an endomorphism of the fiber V s . This endomorphism is called the residue of D at s [4] , and it is denoted by ResðD; sÞ. Let E Ã be a parabolic structure on E as described above. A holomorphic connection on E Ã is a logarithmic connection D on E, singular over S, satisfying the following conditions:
(1) for any s A S, the residue ResðD; sÞ preserves the filtration of E s and it is semisimple; Assume that every direct summand of E Ã is of parabolic degree zero. Since subbundles of E are in one-to-one correspondence with the G invariant subbundles of W, using (3.1) it follows that every direct summand of the G-linearized vector bundle W is of degree zero. Therefore, we conclude from Theorem 2.3 that W admits a Gholomorphic connection.
Take a G-holomorphic connection D on W. Fix a point y A p À1 ðX nSÞ. Let r : p 1 ðY ; yÞ ! GLðn; CÞ be the monodromy representation of the flat connection ' :¼ D þ q W , where n ¼ rankðW Þ and q W is Dolbeault operator defining the holomorphic structure of W.
Since ' is left invariant by the action of G on W, the representation r clearly descends to a representation of p 1 ðX nS; pð yÞÞ. This gives a connection on the restriction of E to X nS. It can also be seen directly that the condition that ' is G invariant ensures that it descends to a flat connection on E over X nS. This connection on E over X nS extends to a connection on E Ã [2, Lemma 4.11]. Indeed, Lemma 4.11 of [2] says that G-invariant forms on Y descend as logarithmic forms on X. From this it follows immediately that the above holomorphic connection on E over X nS gives a holomorphic connection on E Ã .
Conversely, if E Ã has a holomorphic connection, then W has a G-holomorphic connection. Indeed, the pullback of a holomorphic connection on E Ã is a holomorphic connection on the restriction of W to Y np À1 ðSÞ that is left invariant by the action of G on W j Y n p À1 ðSÞ . It is easy to see that this connection extends to W over Y. We remarked earlier that direct summands of E Ã are in one-to-one correspondence with direct summands of W. Therefore, using (3.1) it follows that if E Ã admits a holomorphic connection, then any direct summand of E Ã is of parabolic degree zero. This completes the proof of the theorem. r A polystable parabolic vector bundle of parabolic degree zero clearly has the property that any direct summand of it is of parabolic degree zero. Such a parabolic bundle admits a holomorphic connection which is unitary [7, Theorem 4.1] . Moreover, such a connection is unique.
If we have a parabolic vector bundle E Ã whose parabolic weights are real numbers, but not necessarily rational, then the proof of Theorem 3.1 is not valid. However, if it is possible to generalize the method of [1] to prove Theorem 3.1 directly, then the restriction on the rationality of the weights can be dropped.
Connections on higher dimensional varieties
Let Y be a connected complex projective manifold of dimension d. A holomorphic connection on a holomorphic vector bundle W over Y is a first order holomorphic di¤erential operator be the quotient map. Assume that L G p Ã x, where x is some ample line bundle on M. Note that since p is a finite map, the pullback of any ample line bundle on M to Y remains ample.
Let W be a G-linearized vector bundle over Y. As in the case of Riemann surfaces, by a G-holomorphic connection on W we mean a holomorphic connection that is left invariant by the action of G on W.
The following proposition follows from the criterion of [1] for the existence of a G-holomorphic connection on W. Conversely, a holomorphic connection on W induces a holomorphic connection on the restriction of W to any smooth divisor. It is easy to see that there is a positive integer k 0 such that for every k d k 0 , the general divisor C 0 in the complete linear system jx nk j has the property that the inverse image p À1 ðC 0 Þ is a reduced smooth divisor of Y. In particular, there is one such divisor for each k d k 0 . In other words, if W admits a holomorphic connection, then given any integer m, there is a pair ðc; C 0 Þ satisfying the conditions in the statement of the proposition. This completes the proof of the proposition. r
Now we consider parabolic vector bundles on higher dimensional varieties. Let M be a connected smooth projective manifold of dimension at least three and D 0 a normal crossing divisor on M. This means that D 0 is a reduced e¤ective divisor each of whose irreducible components is smooth and furthermore the components intersect transversally.
Let V Ã be a parabolic vector bundle over M, with parabolic structure over D 0 , such that all the parabolic weights are rational numbers and the quasi-parabolic filtration is defined using filtrations by subbundles on the irreducible components of D 0 . (See [3] for the elaboration on this condition.) The bijective correspondence between parabolic vector bundles and G-linearized vector bundles on curves that we used in the proof of Theorem 3.1 remains valid for higher dimensions [3] . In particular, the parabolic vector bundle V Ã corresponds to a G-linearized vector bundle W on a smooth projective variety Y with M ¼ Y =G [3, Section 3] . The existence of a smooth projective manifold Y with the required properties is ensured by the covering lemma of Kawamata [6, Theorem 1.1.1] (see [3] for the details how the covering lemma is used in this context).
Let N be an integer such that all the parabolic weights of V Ã are integral multiples of 1=N. The Galois covering depends on the choice of N. Let
be the decomposition of the divisor into irreducible components. The Galois covering p for the parabolic vector bundle V Ã has the property that for each j A ½1; l, there is an integer k j such that p À1 ðD j Þ ¼ k j Nð p À1 ðD j ÞÞ red , that is, the multiplicity of the nonreduced divisor p À1 ðD j Þ is divisible by N (see [3, Section 3] ). Fix an ample line bundle x on M. Let C 0 be an e¤ective smooth divisor on M that intersects D 0 transversally. The parabolic vector bundle V Ã can be restricted to such a divisor to obtain a parabolic vector bundle over C 0 . This is done by restricting both the underlying vector bundle for V Ã and the quasi-parabolic filtration. The transversality condition on C 0 is required to ensure that the restriction of the quasi-parabolic filtration remains a quasi-parabolic filtration. The parabolic divisor for this restricted parabolic vector bundle V Ã j C 0 is C 0 V D 0 . The parabolic weights of the restricted parabolic vector bundle are defined by the parabolic weights of V Ã .
We will call a divisor C 0 on M to be good for V Ã if C 0 intersects the parabolic divisor D 0 transversally and p À1 ðC 0 Þ is a reduced smooth divisor. It should be noted that the condition that C 0 is good for V Ã depends on the choice of the Galois covering. We emphasize that given V Ã , the Galois covering is fixed once and for all. It is easy to see that there is an integer c 0 with the property that for any c d c 0 , the general member C 0 A jx nc j is good for V Ã . A holomorphic connection on the parabolic vector bundle V Ã is defined exactly as for parabolic bundles on a Riemann surface. Now using the bijective correspondence constructed in [3] between parabolic vector bundles and G-linearized vector bundles the Proposition 4.1 yields the following proposition. On the other hand, if V Ã admits a holomorphic connection, then the corresponding G-linearized vector bundle W admits a G-holomorphic connection. Now recall the earlier remark that there is an integer c 0 with the property that for any c d c 0 , the general member C 0 A jx nc j is good for V Ã . In particular, there is at least one divisor C 0 A jx nc j which is good for V Ã . If we take c d maxfm; c 0 g, the corresponding pair ðc; C 0 Þ satisfies the condition in the proposition. This completes the proof of the proposition. r
